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ABSTRACT

In this paper we study methods of summability of series. We extend the results of
regular summability methods to the domain of multi-index sequences. In particular,
we show the relations between Abel’s and Cesaro’s methods. The main result is a
generalization of the well-known Hardy-Littlewood theorem to double sequences.
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Introduction

Let’s recall the definitions of regularity and present methods of summability
(limesability) from the 19th and early 20th centuries.

Definition 0.1. A summability method is called reqular if it preserves the value of
the sum of a series when this series converges according to the "natural definition of
convergence .

Definition 0.2. The series > b, is called Abel summable (A) with sum s, if
lim > bpz" =s
r—1—
If in the Definition 0.2 the element b, is replaced by the difference of two consecutive
terms of another sequence: b, = a, — a,—1 then we will obtain the same method for
the sequence of partial sums (a,). Let us recall the definition of Abel summability.

Definition 0.3. The sequence (ay,) is called Abel summable (A) with sum s, if
lim (1 - "=s.
xf{‘_( )Y apx" =s
The next historical summability procedures were the regular Holder [4] and Ceséaro
methods.

Definition 0.4. The sequence (ay) is called Holder (H, k) summable with sum s if:

Hy '+ o+ HFY
lim H* = s, where HF = =0 e+l
n—00 n+1

iHOZan.

n
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Definition 0.5. The sequence (ay,) is called Cesdro (C, k) summable with sum. s if:

n—o0 k

Ak
lim E—Z:s, where AR = ARV 4 4 AR A =g, EF = (n—i—k)
n

Definition 0.6. The sequence (ay,) is called Hausdorff (o, p,) summable with sum s,
if:

m

: m m—n _
Jim 3 (5) (@7 ) o =
n—=

where

My =3 (1) <p> i

=0

The Hausdorff methods contain the Cesaro and Hoélder methods as special cases.
Let us recall that:

Theorem 0.1. If the sequence (ay,) is summable by Cesdro’s (C, 1) method, then it is
summable by Abel’s method to the same limit.

Theorem 0.2. (Hardy — Littlewood)
If the sequence (ay,) is summable by Abel’s method, and a, > 0 then it is summable
by Cesdro’s (C,1) method to the same limit.

The proofs of the above-formulated theorems can be found in the work [3].
We will give the definitions and Toeplitz’s theorems for single-index sequences (clas-
sical theorem) and multi-index sequences.

Definition 0.7. A matriz C = [y is reqular if it transforms every convergent se-
quence into a sequence convergent to the same limit, i.e.

(e.) o
Vap(an — o) = (Vi Zcmnan is convergent and Z CnGn — O).

n=0 n=0
In this way, we will define regularity as "1 4+ 2 4+ 1” reqularity.

The symbol "14241" indicates that a 2-dimensional matrix acts on a 1-dimensional
vector to give a 1-dimensional vector.

Let us now recall the classical theorem of Otto Toeplitz from 1911 giving the condi-
tions for equivalence of regularity.

Theorem 0.3. The matriz C = [cyy] s "L +2+ 1" reqular if and only if the following
conditions are salisfied:

T1)  Vn >0 limy,—oo Cpn = 0;
T2)  limysoo D g Cmn = 1
T3) 3AN>0YVm >0 |cmn| <M.

The original proof of the above theorem can be found in [7], see also [1] or [3].
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The above Toeplitz theorem has many applications, in particular in the proof of the
classical Hausdorff moment theorem, see [1]. This theorem has found applications in a
number of analytic and algebraic problems in several variables.

We now give the definition and Toeplitz’s theorem for the case of a multi-index
sequence.

Definition 0.8. Let’s assume C = [le,..-,mw,nl,.--,ml]: where r1,72 are fized natural
numbers. We call the matriz C ,r1 + (r1 + r2) + r2” regular if for every ri-indicator
sequence (am,...,nrl) convergent to o, the ro-indicator sequence

o
V = [Um17"'7m7‘2:| ’ whe,re vm17---7mr2 = E : an17"'1n7‘1Cm17"'7m7“21n17"'7n7“1’
ni=0
n,,.l':O
tends to o, where my, ma, ..., my, tend to infinity.

Theorem 0.4. The mairiz C is "ri+ (ri+7r2)+r2" reqular if and only if the following
conditions hold:

T1)
T2)
(0.)
BLTND DS
nq=0
”7‘1.:0
T3")
o0
vYmi,...,mp,3K E ‘le,--.,mrg,m,mnrl < K;
ny1=0
npy =0
T377)
o0
JK, M VYmy,...,mp, > M E ‘0m1,---7m7~2,nh---,nrl| < K;
n1=0
nr,-l‘:O
T4)
Vg, ng Ymay o my, 3N Vg, oo ng >N ey omey e, = 05

Vi .yng, AM,N Ymy, ... ,mp, > M Vg, ... Mk, >N Cma Mg 1 ey, = 0,
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for all j = 1,2,...,r;. With j fixed, the indices is,k € {1,2,...,71}, where s =
1,2,...,jand t =1,2,...,r1—7j, and additionally the following conditions are fulfilled:
iy #igr for 8" # 8" ky # kg for t # ¢ and Vs, t is # k.

More details and proofs of the theorems can be found in the works [2], [5] and [6].

1. Main results

The next theorem will attempt to generalize the Hardy-Littlewood theorem to the
two-indicator case. First, we define Abel’s method for a bounded sequence (ay,,) and
we will show the regularity of this method.

Definition 1.1. The double non-negative, bounded sequence (apmy) is Abel summable
to c if

oo
lim E A" (1 —71)(1 — s) = ¢, where ap, > 0.
r—1—

s—1— m,n=0

We will prove the regularity of this method, i.e. we will show that for every
non-negative and bounded double sequence (a;,,) we obtain: if a,,, — ¢ then:
o
Vr,s €[0,1) Y. amnr™s™(1 —r)(1 —s) is convergent and
m,n=0
lmy = >y @™ s (1 —7)(1 —s) =c.
s—1— '

Let

Amn — ¢, to ¢ —€ < amn < ¢+ e for m,n > N. (1)

N
Yamnr™s"(1—r)(1—3s) < (1—r)(1—s) Z " 8" A, +
m,n=0

m=+oo

n=N

+ Z (1—=7)(1 = 8)amnr™s" +

m=N-+1

n=0
m=+oo

n=N

o
+ Y A== amr™s D> (=)L = S)amar™s". (2)
m=0 m,n=N-+1
n=N+1

The first term of the sum (2) converges to 0 if 7, s — 1—.We estimate the second part
of the sum (2):

N

0<(1-r)(1—s) Zs" i U™ < G(1—71)(1—3) Zs":j = GriVH (1T,

n=0 m=N+1 n=0
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where G = sup a,,,. The second component is so that it converges to 0 if r,s — 1—.
m,n

The third component can be estimated in a similar way to the second omne. After

consideration (1) we obtain:

0o
(1 - T)(l - S) Z TS Ay < (C + 6)3N+1TN+1 — C+ €.
mmn=N+1

We have shown that the sum on the left hand side of (2) converges to ¢, if r,s — 1—.
This means that the considered method is regular.

Theorem 1.1. If a bounded, non-negative sequence (apy) is summable by the Abel
method then it is summable by the generalized Cesdro method:

|k
i —
klseo Kl Z @mn

m,n=0
to the same limit.
Remark 1.1. The generalized Cesdro method is not reqular.

For example the sequence (amn)g%n:o, where a,,, = 0 for m # 0 and a,,, = n? for
m = 0 tends to 0 as m — oo, n — oco. After using the generalized Cesaro method, we

k,l
obtain: vy = % S amn = % and lim vy does not exist. In other words,
m,n=0 k,l—o0

condition T4) of Theorem 0.4 is not fulfilled.

We will precede the proof of Theorem 1.1 with the following lemma.

Lemma 1.1. Let f:[0,1] x[0,1] — R be a function such that for any € > 0 there exist
functions f1 and fa, defined and continuous on [0,1] x [0, 1], satisfying the inequality
f1 < f < fo and such that f(fg — f1) < e. Then for apmy > 0 the following holds:

o] 1 1
len?_a—r)(l—s)mgzoamnrmsnfw,s”):c' /0 /0 f (o, y)dady,  (3)

where

c= lim (1-7)(1—ys) Z Amnr"™Ss".

r—1—
s—1— m,n=0
Proof. We assume that
oo
lim (1 —7r)(1— Mg = c. 4
T_l}r{l_( r)(1—s) Z ™" = ¢ (4)

s—1— m,n=0
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Let’s first consider the functions f(x,y) = z"y" where u,v > 0. Then:

lim (1—7)(1—s) i ™™ f (™, ") =

r—1—
s—1— m,n=0
oo
- 1 - - mn (L m\U (U
ril}lﬁ(l r)(1—s) Z A s™ (r™) " (™)
s—1— m,n=0
oo
= i _ _ Tuym ( 14v\" _
74_1>r11f1_(1 r)(1—s) E A (1 74) 7 (7Y)
s—1— m,n=0

: (1—7“)(1—8) - u v u\m v\
= rl_lf?_ =1 —57T) Zoamn (1= 1) (1= s¥F1) - (ple)™ (s140)
s—1— m,n=

Let’s note that

o0

hm Z mn (1 - Tu+1) (1 o S’U+1) (T1+u)m (81+v)n =c,

this follows from (4). Moreover

(1=r)(1—ys) (1—r) . )

li = lim —— 2 lm =
o (1 — rurT) (1 — 1) sl (1 — putl) 51 (1 — sotl)
s—1— s—1— s—1—

1 1 1 1
= lim ——— - lim = . = / / %y dxdy.
r—l- (u+ 1)rt s=1- (v+1)s*  u+1 v+1 o Jo

Therefore

rlg{lﬁ(l—r )(1—s) Zoamnr s"f (r / / fx,y)dzxdy (5)
s—1— m,n=

for f(x,y) = z"y".
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Let’s consider the function g(z,y) = > ay,z"y".

u,v

lim (1 —7)(1-s) g AT 8" E a ( D=
r—1—

s—1— m,n=0

= Y lim (1=1)(1=s) Y apurFmsten -

u,v s—1— m,n=0

= ) aw lim (1—-7)(1~s) > ™S f (1757 =

u,v s—1— m,n=0

1 1 1 1
= Zauv'c/ / x“y”dmdy=c-/ / 9(x, y)dady,
> 0o Jo 0o Jo

this follows from (5) for f(x,y) = z"y". Hence the formula (3) is true for any polyno-
mial. We get f1, fo, that is:

flvf? € C([O’ 1] X [O> 1]) and Vl‘,y € [07 1] f1($7y) < f(xay) < fQ(xay)v

and fol fol(fg(x, y) — fi(x,y))dzdy < €, where f satisfies the assumptions of the lemma.
Let P, P, — be polynomials such that

V(IZ,yE[O,l] ‘Pl(xay)_f1<x7y)|<6and |P2<H?,y)—f2($,y)’<6.
Then for a,,, > 0 we obtain:

(1 - T)(]' - 8) Zmn 0 amnrmsnpl (Tm7 S ) < (]‘ - T)(l - S) Zmn 0 amnr’msnf (rm’ Sn) <

—€
< (L=7)(1=8) >0 0 @mnt "™ Py (1™, 8™) + €.

Therefore,

(fo fo x,y)dxdy — 26) <

sc <f0 fo Py (z,y)dzdy — 6) < hm 1nf an 0 Gmn ™™ f (1™ 8™)

5%17
and

(fo fo z,y)drdy — 26) >
> c(fo fo Py(z,y dxdy+6) limsup >0 o Gmnr™s™ f (1™, s") .

r—1—
s—1—

Taking into account the arbitrariness of €, we get:

o] 1 1
lim E A S f (P S = ¢ / / f(z,y)dzdy,
r—1l— s—1— 0 0
m,n=0
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which completes the proof of the Lemma 1.1. O
Proof of the Theorem 1.1

Proof. We assume that the sequence (@) is summable by the Abel method to the
value c. Let’s define:

1 1
forx > - andy > —,
hz,y) =< xy e e

0  for others x,y

The function h satisfies the assumptions of the Lemma 1.1.

o.)
1
. m._n m o .n\ _ 1: o _ m._n _
rl_lgl_ Z (1 =7)(1 = s)ampr™s"h (r™, s") = rl_lgl_(l r)(1—s) Z ™ 8" =
s—1— mn=0 s—1— mirm>1
TLS">1
= i — — .
TLI}lﬁ(l r)(1—s) Z Gmn
s—1— mar” >1
ns">1
After consideration the Lemma 1.1 we obtain
oo
lim (1=7r)(1=5)amnr™s"h (r = c/ / (z,y)dzdy = c(/ 1/:I:dm> =c.
r—1— /e
s—1— mn=0
(7)
Therefore
li — — =
r_lgl_(l r)(1—s) Z Amn = €, (8)
s—1— mirm>1
n:s"Z%

this follows from (6) and (7). If r, = (é)% and s; = (2 ) then klllm (i, 1) = (1—,1-)
— 00
and:

l—o00 >
n<l
1\* ) 1
N kl;n;ok (1 - (e> ) ll—l>rgyl (1 - (e) ) ko0 Kl mz tmn
m=k
n=l
- k,lllinoo E m;[) @mn “

this follows from (8). O
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